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Abstract
In this paper we show that noncompactness of the ∂¯-Neumann operator on a smooth, bounded,
pseudoconvex Reinhardt domain Ω in C2 implies noncompactness of the ∂¯-Neumann operator of
higher-dimensional domains fibered over Ω under a suitable size restriction on the fibers.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
It has been an open question whether every smooth, bounded, pseudoconvex domain
in Cn with an analytic disk in the boundary necessarily has a noncompact ∂¯-Neumann
operator N . Some partial results are known. For instance, the answer is affirmative both
for domains in C2 [5] and for convex domains in Cn [4]. It remains open, for example,
whether an analytic disk in the boundary of a complete Reinhardt domain in C3 necessarily
obstructs compactness of N . On the other hand, it is known that in the case of Reinhardt
domains, disks in the boundary are the only possible obstructions to compactness of N [5].
In this paper we show the following theorem.
Theorem. Suppose Ω is a smooth, bounded, pseudoconvex Reinhardt domain in C2 whose
∂¯-Neumann operator N is noncompact (on the space of square-integrable (0,1)-forms).
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C such that all points (z,w) of G (where z ∈ Ω , w ∈ Cn−2) satisfy the restriction ‖w‖ <
Cd(z, bΩ)1/2, then G has a noncompact ∂¯-Neumann operator N .
In the next section, we introduce the notion of “thick subdomain” and some lemmas
that enter into the proof of the theorem.
2. Thick subdomains
Let G be a domain in Cn, and let A be a subdomain of G. If there is a sequence {fj }
of holomorphic functions in the unit ball of L2(G) such that no subsequence of {fj } con-
verges in L2(A), then A is said to be a thick subdomain of G. In other words, A is a
thick subdomain of G if the restriction operator L2(G)∩O(G) → L2(A) is not a compact
operator.
For example, if there is a point p in the boundary of G and a neighborhood U of p
in Cn such that A ∩ U = G ∩ U , then A is a thick subdomain of G. For instance, let
E be the unit disk {z: |z| < 1} in C and let A be {(x, y) ∈ E: 0 < x < 1 and 0 < y <
(1 − x)p}, where p > 0. Then A is a thick subdomain of E if (and only if) p  1. One can
easily check this by taking the sequence of holomorphic functions {fj } to be the sequence
of normalized Bergman kernel functions {KE(z,pj )/
√
KE(pj ,pj ) }, where the sequence
{pj } approaches the point (1,0).
We recall the definition of the Bergman kernel function. Let H(D) denote the space of
square-integrable holomorphic functions on a domain D in Cn. By the Riesz representation
theorem, for each fixed point w in D there is a unique element of H(D), denoted by
KD(· ,w), such that
f (w) = (f,KD(· ,w))=
∫
D
f (z)KD(z,w)dVz
for all f ∈ H(D). This function KD(z,w) is called the Bergman kernel function for D.
The following lemma is contained in [4].
Lemma 1. If Ω is a bounded convex domain in Cn and 0 <R  1, then
(1) for any points p0 ∈ ∂Ω and p1 ∈ Ω there exist positive constants C and δ0 such that
the Bergman kernel function KΩ satisfies the inequality
KΩ(pδ,pδ) > CKΩ(pδ/R,pδ/R)
for any δ ∈ (0, δ0), where pδ := p0 + δ(p1 − p0)/|p1 − p0|;
(2) if 0 ∈ ∂Ω then the scaled domain RΩ is a thick subdomain of Ω .
Part (1) of the lemma is identical with [4, Lemma 4.1, part (1)], and we omit the proof.
The proof of the second part of the lemma is contained in [4, proof of the implication (1)
⇒ (2) in Theorem 1.1]. We recall the proof for the convenience of the reader.
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KΩ(· ,pj )/
√
KΩ(pj ,pj ). Then ‖fj‖Ω = 1. The reproducing property of KRΩ(pj , ·) ap-
plied to the function KΩ(· ,pj ) implies, via the Cauchy–Schwarz inequality, that
KΩ(pj ,pj )
∥∥KΩ(· ,pj )∥∥RΩ
√
KRΩ(pj ,pj ).
Consequently,
‖fj‖2RΩ =
‖KΩ(· ,pj )‖2RΩ
KΩ(pj ,pj )
 KΩ(pj ,pj )
KRΩ(pj ,pj )
.
By the transformation rule for the Bergman kernel function,
KRΩ(pj ,pj ) = R−2nKΩ
(
pj
R
,
pj
R
)
.
Therefore by part (1) of the lemma, the right-hand side of the preceding inequality is
bounded below by a positive constant independent of j . Thus the sequence {fj } is bounded
away from 0 in the norm of L2(RΩ). On the other hand, the sequence {fj } tends to 0
pointwise. Consequently, the sequence {fj } has no subsequence converging in L2(RΩ).
We now introduce briefly the ∂¯-Neumann operator. When a domain Ω is bounded and
pseudoconvex, the (unbounded) self-adjoint, surjective operator ∂∂∗ + ∂¯∗∂¯ has a bounded
inverse operator acting on (0, q)-forms. This operator N = Nq is called the ∂¯-Neumann
operator. We refer the reader to [3,6] and the recent survey [1] and the book [2] for back-
ground on the ∂¯-Neumann problem. In this paper, we consider only N1. The compactness
condition can be reformulated in the following way.
Lemma 2. Let Ω be a bounded pseudoconvex domain, 1 q  n. Then the following are
equivalent:
(1) The ∂¯-Neumann operator Nq is compact from L2(0,q)(Ω) to itself.
(2) The canonical solution operators
∂¯∗Nq :L2(0,q)(Ω)→ L2(0,q−1)(Ω) and ∂¯∗Nq :L2(0,q+1)(Ω) → L2(0,q)(Ω)
are compact.
It is useful to know that compactness is a local property. To prove noncompactness
of the ∂¯-Neumann operator Nq of Ω , it is sufficient to consider noncompactness of the
corresponding Nq on Ω ∩ U . The precise statement is followed. The proof of Lemma 3 is
in [4].
Lemma 3. Let Ω be a bounded pseudoconvex domain in Cn, 1 q  n.
(1) If for every boundary point there exists a pseudoconvex domain U such that Nq on
(the domain) U ∩ Ω is compact, then Nq on Ω is compact.
(2) If U is smoothly bounded and strictly pseudoconvex and Ω ∩ U is a domain, then if
the ∂¯-Neumann operator on (0, q)-forms on Ω is compact, so is the corresponding
∂¯-Neumann operator on U ∩ Ω .
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We prove a little more than is stated in the theorem: the smoothness of the boundary is
needed only in a neighborhood of the base domain Ω .
Let z = (z1, z2) denote the coordinate in the space C2, and let w denote the coordinate
in the space Cn−2. We divide the proof of the theorem into the following three steps.
Step 1: A local model. There is a point p in the boundary of Ω and a small  > 0
such that G ∩ {(z,w): d((z,w), (p,0)) > } is biholomorphic to a domain G′ that has
in its boundary the affine disk {(z1,0,0): |z1| < 1}. Moreover {z2: (z1, z2,w) ∈ G′} is
contained in the disk {z2: |z2 − 1| < 1}.
Step 2: Geometry of the model. The local model domain is nested between two product
domains of the form{
z1 ∈ C: |z1| < r
}× {(z2,w) ∈ Cn−1: |z2 − r|2 + ‖w‖2 < r2}
for two suitable values of r .
Step 3: Analysis. From the geometry of the local model, a standard argument leads to
noncompactness of the ∂¯-Neumann operator of the original domain G.
Proof of Step 1. By hypothesis, Ω has a noncompact ∂¯-Neumann operatorN . But since Ω
is also a bounded pseudoconvex Reinhardt domain, Ω has an analytic disk in its boundary
by [5, Theorem 5.2]. Since the boundary of Ω is smooth, this analytic disk cannot be
entirely contained in the part of the boundary of Ω where either z1 = 0 or z2 = 0. Let p
be a point of the analytic disk where both coordinates are nonzero. Near such a point p,
a pseudoconvex Reinhardt domain is locally convexifiable (see, for example, [8]).
Let φ be a biholomorphic map defined on a neighborhood U of p in C2 such that
Ω ′ = φ(U ∩ Ω) is convex. Then Ω ′ also has an analytic disk in its boundary. Because Ω ′
is convex, we may assume by [4, Section 2] that the analytic disk in its boundary is an
affine analytic disk. After an affine coordinate change, we may assume that φ(p) = (0,0)
and that the affine disk lies in the z1 coordinate plane and a supporting hyperplane for Ω ′ at
(0,0) is given by {x2 = 0}. After a linear fractional transformation in the z2 coordinate, we
may assume further that Ω ′ is contained in the set {(z1, z2): |z2 − 1|< 1}. There is a small
open ball B2(p) = {z: d(z,p) < } of p that is completely contained in U . φ(Ω ∩B2) also
has in its boundary an affine disk in the z1 coordinate plane. We extend φ to Bn((p,0)) =
{(z,w): d((z,w), (p,0)) < } by making φ the identity in the remaining variables. Set
G′ = φ(G ∩Bn((p,0))). 
Proof of Step 2. First we show that G′ contains {z1 ∈ C: |z1| < r1} × {(z2,w) ∈ Cn−1:
|z2 − r1|2 + ‖w‖2 < r21 } for sufficiently small r1.
By Step 1, G′ has an analytic disk {(z1,0,0): |z1| < 1} in its boundary. G′ has a
smooth boundary at origin. We may assume that for sufficiently small r0 < 1, that G′
has a smooth boundary at (z1,0,0) when |z1|  r0. Let ρ be a define function for G′.
Before we use the expansion of Taylor series of ρ at (z1,0,0) when |z1| < r0, we define
v = (v1, v2, . . . , v2n), v2i−1 = Re zi , v2i = Imzi . v3 = x2 = 0 is hypersurface supporting
to G′ at (z1,0,0). (0,0,1,0, . . . ,0) is a unite orthogonal direction of ρ at (z1,0,0). Let
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∣∣ ∂
∂vi∂vj
ρ
∣∣ and ∣∣ ∂
∂vi∂vj ∂vk
ρ
∣∣ are uni-
formly bounded on the closure of the neighborhood of the set {(z1,0,0) | |z1|  r0}. For
some sufficiently big M1 and sufficiently small ‖v‖, independently of z1 we have
ρ
(
(a1, a2,0,0)+ v
)
 ∂ρ
∂v3
∣∣∣∣
(a1,a2,0,0)
v3 +M1
(‖v‖2).
Consider Br = {(a1, a2,0,0) + v: v21 + v22 + (v3 − r)2 + · · · + v22n < r2}. When point
(a1, a2,0,0)+ v is in the boundary of Br , v3 = 12r ‖v‖2. ∂ρ∂v3
∣∣
(a1,a2,0,0)
is strictly negative.
There is M2 such that
M2 <
∣∣∣∣ ∂ρ∂v3
∣∣∣∣
(a1,a2,0,0)
∣∣∣∣
when |z1| < r0. So if we choose sufficiently small r1 such that M2 12r1 > M1, then Br1 is
completely contained in G′. For |z1| < r1, slicing G′ with a complex hyperplane on which
the value of z1 is constant contains {(z2,w): |z2 − r1|2 + ‖w‖2 < r21 }.
The (n − 1)-dimensional slice with constant z1 is contained in {(z2,w): |z2 − 1| < 1}.
The origin is a smooth boundary point. The biholomorphic map φ distorts distance by a
bounded amount, so the hypothesis of the theorem about size restriction on the fibers of G
carries over to G′. For any (z1, z2,w) ∈ G′ = φ(G∩Bn((p,0))), there is constant C′ such
that
‖w‖ Cd(φ−1((z1, z2)), b(Ω ∩ U))1/2  C′d((z1, z2), bφ(Ω ∩ U))1/2.
In Step 2, φ(Ω ∩U) is contained in {(z1, z2) | |z2 − 1| < 1}, so we get
C′d
(
(z1, z2), bφ(Ω ∩ U)
)1/2  C′d(z2, b({z2 | |z2 − 1|< 1}))1/2.
If we choose sufficiently big r2 such that
C′d
(
z2, b
({
z2 | |z2 − 1| < 1
}))1/2
< d
(
z2, b
({
z2 | |z2 − r2|2 < r22
}))1/2
,
then ‖w‖2 + |z2 − r2|2 < r22 . Slicing G′ with a complex hyperplane with constant z1, is
contained {(z2,w): |z2 − r2|2 + ‖w‖2 < r22 }. This completes the proof of Step 2. 
To prove Step 3, we show Lemma 4.
Lemma 4. Let V and W be domains in Cn where ψ :V → W is biholomorphic map with
|det(ψ ′)| bounded on V . If W is a bounded domain between {z1: |z1| < r1} × Ω1 and
{z1: |z1| < r2} × Ω2, where Ω1 is a thick subdomain of Ω2 then V has noncompact N .
Proof. After shrinking r1 if necessary, we may assume that W contains the set {z1: |z1| <
3r1} × Ω1. It is easy to check that A = {z1: |z1| < r1} × Ω1 is thick subdomain of
{z1: |z1| < r2} × Ω2. A is also thick subdomain of W . Let {fj } be a sequence of holo-
morphic functions in the unit ball of L2(W) having no sequence that converges in L2(A).
Let χ be a smooth cut-off function of one real variable that is identically equal to 0 for
t  2r1 and identically equal to 1 for t  r1. Let αj denote the pullback to V under ψ of the
(0,1)-form ∂¯(fj (z1,w))χ(|z1|). The form αj is ∂¯-closed and the function, gj = ∂¯∗Nαj
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let us suppose that the ∂¯-Neumann operator N for V (and hence the operator ∂¯∗N) is com-
pact. Then a passing to a subsequence, we may assume that the sequence {gj } converges
in L2(V ).
On W , define a sequence of functions {hj } via
hj (z1,w) = (ψ−1)∗(gj )(z1,w) − fj (z1,w)χ
(|z1|).
The function hj are holomorphic on W = ψ(V ) and hj = (ψ−1)∗(gj ) when |z1| > 2r1.
Since |det(ψ ′)| is bounded on V , (ψ−1)∗(gj ) are converging in L2(W). hj converges
in |z1| > 2r1. The mean-value property of holomorphic functions implies that the hj are
converging in L2(A). This contradiction shows that ∂¯-Neumann operator N for V cannot
be compact. 
Proof of Step 3. By Step 2, G′ = φ(G ∩ Bn((p,0))) is nested between two product
domains of the form {z1: |z1| < r} × {(z2,w): |z2 − r|2 + ‖w‖2 < r2} for two suit-
able variables of r . By Lemma 1, {(z2,w): |z2 − r1|2 + ‖w‖2 < r21 } is thick subdomain
of {(z2,w): |z2 − r2|2 + ‖w‖2 < r22 }. We may assume that |det(φ′)| is bounded on
G ∩ Bn((p,0)). Now we apply Lemma 4 to G ∩ Bn((p,0)). By Lemma 3, G has non-
compact ∂¯-Neumann operator. 
Corollary 5. Let φ : [0,1] → [0,1] be a concave C∞ function such that φ ≡ 1 on [0,1/4]
and φ(r) = 1 − r2 on [3/4,1]. Let D = {(z1, z2) ∈ C2: |z2|2  φ(|z1|)}. If G is a smooth
pseudoconvex domain with base domain D, and if there exists a constant C such that
‖w‖ < Cd(z, ∂D)1/2 for all points (z,w) ∈ G, then G has a noncompact ∂¯-Neumann
operator N .
That the base domain D in the corollary has a noncompact ∂¯-Neumann operator was
first observed by Ligocka [7]. The corollary provides some simple concrete examples of
higher-dimensional domains that have noncompact ∂¯-Neumann operator although they are
neither product domains nor convex domains with analytic disks in the boundary.
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